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Figure 1: The SM in a typical lattice simulation focusing on calculations in D- and B-physics. Red indicates
the quark flavors and gluons entering both sea and valence sector of the calculation, whereas heavy charm
and bottom quarks (blue) may only be present in the valence sector. Top quarks and weak gauge bosons
(magenta) enter the calculation as part of “point like operators” and leptons (green) contribute mostly in
post-analysis steps. Effects of photons, iso-spin breaking, QED can be included but are mostly only required
for sub-percent level precision.
1. Introduction
Lattice quantum chromodynamics (QCD) allows for first principle calculations of processes
involving the strong force coupling quarks and gluons. Key features of lattice QCD calculations
are that the method is also valid in the nonperturbative regime and systematical procedures exist
to reduce uncertainties. As the name indicates, these calculations are based on discretizing the
4-dimensional space time to a rectangular grid, the lattice. After performing a Wick-rotation to
Euclidean time, the QCD Lagrangian is simulated using the path integral formalism
〈O〉E = 1Z
∫
D [ψ,ψ]D [U ]O[ψ,ψ,U ]e−SE [ψ,ψ,U ], (1.1)
which results in a large but finite dimensional integral. The solution is obtained stochastically per-
forming Monte Carlo simulations in a finite box of extent (L/a)3×T/a, where L is the number of
lattice sites in the spatial x-, y-, z-direction and T sites in the temporal t-direction. Any calculation
is necessarily performed at a finite value of the lattice spacing a. On the one hand, a finite value of
a acts as an ultraviolet regulator and simulated quark masses mq in lattice units need to obey
amq < 1. (1.2)
On the other hand, the finite spatial volume introduces an infrared regulator and we study physics
in a finite box of size L3. To keep e.g. finite volume effects under control, an approximate measure
is given by the simulated pion mass aMpi times the spatial extent L/a. The empirically justified
rule-of-thumb
Mpi ·L. 4, (1.3)
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suggests for a given spatial extent L/a a minimum aMpi such that finite volume effects are typically
sufficiently small. A practical calculation requires further to choose between different discretiza-
tions of gauge and fermion actions like Wilson, Symanzik, or Iwasaki gauge actions and Wilson,
Kogut-Susskind (staggered), domain wall, or overlap fermion actions. Numerous variations of
these actions exist exhibiting different levels of improvements to reduce discretization or lattice ar-
tifacts. However, by performing simulations at different values of the lattice spacing a and properly
renormalizing all quantities, results at finite lattice spacing can be extrapolated to the continuum
limit and are thus free of discretization effects. Continuum limit results are expected to agree re-
gardless which discretization (lattice actions) have been used during the numerical simulation and
can hence be meaningfully compared to experimental results or other phenomenological calcula-
tions. Further details on the techniques how to perform numerical lattice simulations or extract
physical continuum limit results are explained in various text books, see e.g. [1 – 4].
Most state-of-the-art lattice QCD simulations are based on a set of gauge field configurations
containing the effects of dynamical 2+1 or 2+1+1 flavors in the sea-sector. This means two degen-
erate up/down quarks, strange and eventually charm quarks contribute in the sea-sector and are part
of the evolution algorithm generating the set of gauge field configurations. These set of gauge field
ensembles typically include some ensembles featuring a physical value of the pion mass whereas
strange and, if present, charm are always close to their physical value. Subsequently these gauge
field configurations are then used to perform valence sector measurements where in addition to
light, strange and charm quarks also bottom quarks are simulated. Due to their large mass, sim-
ulations with charm and bottom quarks face an additional challenge and depending on the lattice
spacing may require to use an effective action (e.g. non-relativistic QCD, Fermilab or relativistic
heavy quark action) to avoid the bound in Eq. (1.2). Alternatively, simulations below the physical
value of the bottom mass are performed combined with a (benign) extrapolation (e.g. heavy HISQ
or heavy domain wall formalism).
In Fig. 1 we sketch the SM from the point of view of a lattice QCD simulation showing the
dynamical quarks and gluons in red and the heavy flavors present only in the valence sector in blue.
Top quark and electroweak gauge bosons (magenta) typically enter in point-like operators imple-
menting e.g. short distance contributions of the weak force, whereas leptons enter the calculations
as part of the post-simulation analysis. These are the most relevant ingredients for the calculations
subject to this overview which focuses at certain heavy-light calculations i.e. calculations with a
charm or bottom valence quark. Effects due to quantum electrodynamics (QED), electric charges,
or photons are typically small and become only relevant at the sub-percent level of precision not yet
reached for the heavy-light calculations presented here. In the following we will therefore simplify
the notation and suppress e.g. electric charges. Interactions with the Higgs boson can be calculated
as additional operators to determine e.g. contriubtions of theories describing physics beyond the
SM but are not subject of this review.
As mentioned above, lattice determinations extrapolated to the continuum limit are expected
to mutually agree and similar to several experimental measurements a meaningful average can be
defined. For a large set of phenomenologically relevant quantities these averages are provided by
the Flavor Lattice Averaging Group (FLAG)1 which scrutinizes the calculations to meet specified
1http://flag.unibe.ch
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Figure 2: Left: Sketch of tree-level weak semi-leptonic B(s) decays mediated by a charged W boson in a
setup with the B(s) meson at rest. P denotes the pseudoscalar final state (pi , K, D, or Ds), the spectator is a
light up/down or a strange quark, and x the up or charm daughter quark. The momentum transferred to the
leptons is given by q2 = M2B(s) +M
2
P− 2MB(s)EP. Right: Schematic lattice calculation of the corresponding
hadronic weak decay matrix element.
quality criteria and calculates averages accounting e.g. if any two calculations are (partly) corre-
lated. In addition the different methods used for the determination of the quantities are reviewed.
In the following we will first in Section 2 report on semi-leptonic charm and beauty form
factors with a single, pseudoscalar hadronic final state before discussing beauty form factors with
a single vector final state and the determination of R(D∗) in Section 3. Subsequently we briefly
summarize the status of the determination of bottom and charm quark masses in Section 4 and
report updates on neutral B(s) meson mixing in Section 5. We end with a summary also highlighting
further new developments.
2. Charm and beauty form factors
Conventionally semi-leptonic decays with a single pseudoscalar hadronic final state are para-
metrized by relating the experimentally measured branching fraction
dΓ(B(s)→ P`ν)
dq2
=
ηEW G2F |Vxb|2
24pi3
(q2−m2`)2
√
E2P−M2P
q4M2B(s)
×
[(
1+
m2`
2q2
)
M2B(s)(E
2
P−M2P)| f+(q2)|2+
3m2`
8q2
(M2B(s)−M2P)2| f0(q2)|2
]
, (2.1)
to two form factors, f+ and f0, the nonperturbative contribution of the strong force. In Eq. (2.1)
we show the general expression for a pseudoscalar B(s) meson decaying at rest to a pseudoscalar
meson P and a lepton-neutrino pair. This process sketched on the left in Fig. 2 is a tree-level weak
decay in the SM in which a b quark decays to an up or charm quark (generally referred to as x)
under the emission of a W boson. Hence the Cabibbo-Kobayashi-Maskawa (CKM) matrix element
|Vxb| enters in Eq. (2.1) in addition to the mass of the B(s) meson, MB(s) as well as the energy and
mass of the final state hadron, EP and MP. The mass of the final state lepton ` with ` = e, µ, τ is
denoted by m` and the lepton-neutrino pair acquires the 4-momentum qµ .
To determine the form factors f+ and f0, we evaluate the hadronic matrix element
〈P(pP)|V µ |B(s)(pB(s))〉= f+(q2)
(
pµB(s) + p
µ
P −
M2B(s)−M2P
q2
qµ
)
+ f0(q2)
M2B(s)−M2P
q2
qµ , (2.2)
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Figure 3: Example from Ref. [5] to extract values for B→ pi`ν form factors on one ensemble by performing
a fit to the ground state in the indicated plateau range. The different colors show the projection onto final
state pions with different units of discretized momentum.
where pB(s) and pP are the momenta of the B(s) and P meson, respectively, and V
µ = x¯γµb is the
weak decay operator obtained after performing an operator product expansion (OPE) to identify
the short distance contribution. Implementing the hadronic weak decay matrix element on the
lattice, we extract the form factors by measuring 3-point functions. As schematically shown by
the quark line diagram on the right in Fig. 2, one possibility to implement the calculation is to
consider the initial B(s) meson at tsink and the final state pseudoscalar at t0. The spectator quark
remains unchanged, whereas the b quark changes into an x quark at time t with t0 ≤ t ≤ tsink.2 The
different steps to obtain form factors over the full kinematically allowed q2 range will be outlined
for B→ pi`ν decays and we subsequently summarize the status for other decays and highlight
recent developments.
2.1 B→ pi`ν
The calculation of B→ pi`ν form factors proceeds along the sketches in Fig. 2 by using a
propagator with u/d quark mass for the spectator as well as the daughter quark. As mentioned
above, we need to perform calculations using ensembles of gauge field configurations at different
values of the lattice spacing to perform a controlled continuum limit extrapolation. In addition it
is helpful to have ensembles also varying the value of the degenerate u/d quark mass to guide, if
needed, the chiral extrapolation. For each of these ensembles, the aforementioned 3-point functions
need to be calculated and in addition 2-point functions describing the hadronic initial and final state
meson. Appropriate ratios of 3-point over 2-point functions allow then to extract form factors. An
example for this determination is shown in Fig. 3. In this example only the ground state signal
is extracted from a fit to the indicated plateau region. However, also excited state contributions
related to the pion on the left and/or the B meson on the right can be included in the determination.
After extracting form factors for all ensembles, corresponding renormalization factors need
to be multiplied before combining the data from different gauge field ensembles in the next step.
In Fig. 4 the renormalized form factors obtained for five different gauge field ensembles at two
2Placing the B(s) meson at tsink reduces in this setup the numerical costs because e.g. B→ pi`ν decays can be
calculated with one cheap b quark and one expensive u/d quark inversion used for both spectator and daughter quark.
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Figure 4: Example of obtaining the chiral- and continuum limit (black line with gray error band) for by
performing a fit to the renormalized B→ pi`ν form factors. The fit combines the data from five different
gauge field ensembles (colored data points) and the colored lines indicate the fit result corresponding to the
parameters of the ensemble. Plots taken from from Ref. [5].
different values of the lattice spacing are shown. Red and yellow data correspond to the coarser
ensemble, blue, magenta and cyan to the ensembles with finer lattice spacing. Using a fit ansatz
inspired by heavy meson chiral perturbation theory in the hard pion limit, the extrapolation to the
continuum and physical quark masses is performed and shown by the black line with gray error
band. So far only the statistical uncertainties directly originating from the numerical simulation
have been accounted for. Further systematic effects need to be considered. A graphical error
budget showing the different uncertainties contributing to the calculation of Ref. [5] is presented
in Fig. 5. These plots also show the range in q2 covered by the numerical lattice simulation. By
construction, lattice simulations prefer the zero recoil limit where the final state hadron is at rest
and most of the released energy of the B meson is transferred to the lepton pair. Within the covered
range of q2, vertical black lines indicate three q2 values which enter as so called “synthetic data
points” in the final step of the form factor analysis, the z-expansion to obtain form factors over the
full q2 range.3
In the case of B→ pi`ν semi-leptonic decays commonly the z expansions by Boyd, Grinstein,
Lebed (BGL) [6] and Bourrely, Caprini, Lellouch (BCL) [7] are considered. The general idea of z
parametrizations is to map the kinematically allowed range in q2 to the unit disk and then perform
an expansion in the new z variable. As an example we show a kinematical extrapolation using the
BCL parametrization for the three synthetic data points introduced above in Fig. 6. The synthetic
data points enter the z-expansion with combined statistical and systematic uncertainties. Hence
the resulting form factors covering the full q2 range can be meaningfully compared to other lattice
determinations, results obtained e.g. from QCD sum rules, or combined with experimental results
to extract the CKM matrix element |Vub|. An example from the FLAG analysis [8] based on three
different lattice determinations [5, 9, 10] and the experimental data sets from BaBar [11, 12] and
Belle [13, 14] is shown in Fig. 7. By performing a combined fit, the relative normalization between
lattice and experimental data is obtained which is given by the CKM matrix element |Vub|. The plot
on the left demonstrates that for B→ pi`ν only the combination of form factors obtained on the
3Some authors prefer a different strategy and perform a single chiral-continuum-kinematical extrapolation.
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Figure 5: Graphical error budget showing statistical and systematic uncertainties for the calculation of
B→ pi`ν form factors from Ref. 5. The vertical black lines indicate values of the “synthetic data points”
used in the subsequent z-expansion.
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Figure 6: Kinematical extrapolation over the full q2 range performed in terms of a BCL z-expansion on
three synthetic data points from Ref. [5]. The plot on the left shows the extrapolation in z space; the plot on
the right is converted back to q2.
lattice and measured in experiments covers the entire range in q2. Nevertheless the form factors of
the combined fit are in excellent agreement with most of the data points. This fit determines
|V exclub |= 3.73(14)×10−3, (2.3)
which as shown on the right in Fig. 7 is in perfect agreement with other exclusive determinations
of |Vub| but exhibits a 2−3σ tension with the inclusive determination.
Several new and improved lattice calculations required to update the value of |V exclub | are cur-
rently pursued and preliminary results have already been reported at past Lattice conferences [15 –
18].
2.2 Bs→ K`ν
If we change compared to the B→ pi`ν form factor calculation only the spectator to a strange
quark in the diagrams sketched in Fig. 2, we determine form factors for Bs→ K`ν decays which
also feature a bottom quark weakly decaying into an up quark. The lattice favors this channel
6
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Figure 7: Combined FLAG 2019 analysis [8] to determine the CKM matrix element |Vub| by performing a
combined analysis to three lattice determinations of B→ pi`ν form factors [5, 9, 10] and the BaBar [11, 12]
and Belle [13, 14] experimental data sets.
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Figure 8: Left: Comparison of Bs → K`ν form factors as function of q2 determined by different lattice
collaborations [5, 19 – 21]. Right: Results at q2 = 0 obtained either from a kinematical extrapolation of
lattice results or form calculations based on analytic methods [22 – 25]. Plots extracted from [20].
to determine |Vub| because statistical noise grows when simulating quarks with lighter mass. For
the same number of measurements, a kaon is hence more precise than a pion. Unfortunately, no
experimental measurements for this channel have been published so far because the B factories
BaBar and Belle predominantly ran at the ϒ(4s) threshold generating B but not Bs mesons. Fortu-
nately, this limitation is not present at the Large Hadron Collider (LHC) and we look forward to
a measurement by LHCb and hopefully also by Atlas or CMS. On the lattice three collaborations,
HPQCD, RBC-UKQCD, and Fermilab/MILC, have published form factors extending over the full
q2 range [5, 19, 20] and in addition the Alpha collaboration has published a determination at one
specific q2 value [21]. A comparison of the lattice determinations performed by Fermilab/MILC
is shown in the left plot of Fig. 8. In the plot on the right, the extrapolated lattice determinations
at q2 = 0 are compared to results obtained from light cone sum rules [22, 23], perturbative QCD
[24] and relativistic quark model [25] calculations. Some tension is present for the values at q2 = 0
which desires a better understanding. Eventually updates of presently preliminary results [16, 17]
may help to address this.
2.3 Bs→ Ds`ν
Replacing next the daughter quark in the diagrams in Fig. 2 with a charm quark, we can turn
7
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Figure 9: Bs→Ds`ν semi-leptonic form factors. The upper plots demonstrate HPQCD’s progress using the
same action for all quarks and simulating b quarks almost at their physical mass. Combined with simulations
featuring an array of mass values between charm and bottom, it is possible to cover almost the entire range
of q2 in numerical lattice simulations at the finest lattice spacing of a ' 0.045 fm [26]. The lower left plot
shows how the new method reduces the uncertainties compared to HPQCD’s previous determination [27];
whereas the right plot presents the updated determination by the Fermilab/MILC collaboration [20, 28].
Plots extracted from Refs. [26] and [20].
the calculation into the determination of Bs → Ds`ν form factors. In these decays the b quark
weakly decays to a charm quark and in light of the recent measurement by LHCb [29] we explore
a channel to determine the CKM matrix element |Vcb|. Since this channel features no light u/d
quarks in the valence sector, it is even more favorable for a lattice calculation. In fact, this channel
is used by the HPQCD collaboration to demonstrate what conceptual progress in semi-leptonic
form factor calculation is possible [26]. Using the second generation MILC gauge field ensembles
at finer lattice spacings, it is possible to simulate bottom quarks close to their physical mass. This
allows to simulate all quarks using the same action and by that basically eliminate the systematic
uncertainty of the renormalization. In addition they create an array of quark masses filling the range
between physical charm and bottom mass and use twisted boundary conditions [30] to generate data
at dedicated values of q2 in the range q2max ≥ q2 ≥ 0. The accessible range of q2 depends on the
lattice spacing and the simulated heavy flavor mass. As can be seen by the colored data points in
the upper plots of Fig. 9, this increases the q2 directly covered in the numerical lattice simulation
as ensembles with finer and finer lattice spacing are used. At a lattice spacing of a ' 0.045 fm
almost the entire range in q2 is covered. As shown in left lower plot, the author of Ref. [26]
8
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Figure 10: Combined FLAG 2019 analysis [8] to determine |Vcb| using the lattice determinations of B→
D`ν form factors [41, 42] and the BaBar [43] and Belle [44] experimental data sets.
also claim to have substantially reduced the total uncertainties compared to HPQCD’s previous
determination [27]. To complement the determinations, we also show the updated form factors
from the Fermilab/MILC collaboration [20, 28] in the right plot of Fig. 9. In addition Atoui et
al. published results based on ensembles with 2 dynamical flavors [31] and preliminary results
based on 2+1 dynamical flavors have been reported in [16, 32].
The new LHCb measurement [29] determines in combination with [26, 27]
|Vcb|CLN = [41.4(0.6)(0.9)(1.2)]×10−3, (2.4)
|Vcb|BGL = [42.3(0.8)(0.9)(1.2)]×10−3, (2.5)
where in addition to the BGL z parametrization, the alternative parametrization by Caprini, Lel-
louch, Neubert (CLN) [33] has been used to check for possible systematic effects [34 – 39]. Presently
the uncertainties are too large to address the discrepancy between inclusive and exclusive determi-
nations4 [40].
2.4 B→ D`ν
Using a charm daughter quark and a spectator with u/d quark mass, we change the diagrams
in Fig. 2 to the determination of B→D`ν form factors which also allows to extract |Vcb|. Recently
no new results have been published and for completeness we show in Fig. 10 the combined FLAG
analysis [8] based on [41 – 44] extracting
|Vcb|= 40.1(1.0)×10−3. (2.6)
2.5 D→ pi`ν and D→ K`ν
Continuing with semi-leptonic decays of D-mesons, we study processes in which a charm
quark weakly decays to a down or strange quark. Similar to the previously discussed semi-leptonic
B(s) decays, these channels allow to extract the CKM matrix elements |Vcd | and |Vcs|. Since lep-
tonic D(s) decays are experimentally well studied, more precise channels to determine |Vcd | and
4For updates see https://hflav.web.cern.ch
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Figure 11: Published results on semi-leptonic D→ pi`ν and D→ K`ν decays compiled by FLAG [8] based
on the work by Fermilab/MILC, HPQCD, ETM, and JLQCD [45 – 48, 51, 52].
|Vcs| exist. Calculating numerically more precise and cheaper 2-point functions on the lattice, the
leptonic decay constants fD and fDs are typically used to extract the CKM matrix elements.
That likely explains why only few lattice calculations for D meson semi-leptonic form factors
have been published [45 – 48]. These decays are kinematically more favorable for a lattice deter-
mination than semi-leptonic B decays and the existing calculations focus on directly determining
the form factor at zero q2. A summary of existing D→ pi`ν and D→ K`ν calculations compiled
by FLAG [8] is shown in Fig. 11. Updates on form factor calculations including coverage of the
full q2 range have however been reported at recent Lattice conferences [49 – 51].
3. R(D∗)
Due to observed differences between theoretical predictions and experimental measurements,
R-ratios testing the universality of lepton flavors in semi-leptonic B decays are in the spotlight of
the flavor physics community. Especially the tree-level B→ D(∗)`ν decay are in the focus because
a global analysis combining results for pseudoscalar and vector hadronic final state reveals a ∼ 3σ
tension [53]. In the case of tree-level decays, R-ratios are studied where the branching fraction with
τντ leptonic final state is divided by the branching fraction with µνµ or eνe leptonic final state
Rτ/l(D(∗))≡ BF(B→ D
(∗)τντ)
BF(B→ D(∗)lνl)
with l = e, µ. (3.1)
While the difference between electron and muon mass is negligible, depending on the experiment
muons or electrons are easier to be identified. The large mass of the tau-leptons however forces
a different weight of the two form factors in Eq. (2.1). To extract a theoretical nonperturbative
prediction of R-ratios from lattice QCD calculations, corresponding form factors over the full q2
range are required. In the case of B→ D`ν decays, we briefly summarized these determinations
in Section 2.4. Combining Fermilab/MILC [42] and HPQCD’s [41] results, FLAG [8] obtains the
average
Rτ/l(D) = 0.300(8). (3.2)
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Figure 12: Comparison of different determinations of hA1(1) for B→ D∗`ν and hsA1(1) for Bs → D∗s `ν
shown by HPQCD in Ref. [54] using determinations based on gauge field ensembles with 2+ 1 [55] or
2+1+1 dynamical flavors [54, 56].
To date no lattice calculation with full q2 dependence has been published for decays with
hadronic vector final state. These decays are conventionally expressed in terms of four form factors
〈D∗(k,λ )|c¯γµb|B(p)〉= fV 2iεµνρσε
∗νkρ pσ
MB+M∗D
, (3.3)
〈D∗(k,λ )|c¯γµγ5b|B(p)〉= fA0(q2)
2MD∗ε∗ ·q
q2
qµ + fA1(q
2)(MB+MD∗)
[
ε∗µ −
ε∗ ·q
q2
qµ
]
− fA2(q2)
ε∗ ·q
MB+MD∗
[
kµ + pµ −M
2
B−M2D∗
q2
qµ
]
, (3.4)
and considerations are simplified by assuming the narrow width approximation i.e. treating the
vector particle as QCD-stable state and neglecting that it can strongly decay. Accounting for the
specific kinematics of a heavy bottom to a a heavy charm transition, frequently these form factors
are also defined in terms of w = vB · vD∗ , the product of the four-velocities vB = pB/MB and vD∗ =
kD∗/MD∗
〈D∗(vD∗ ,λ )|c¯γµb|B(vB)〉=
√
MBMD∗hV (w)εµνρσε∗νv
ρ
D∗v
σ
B , (3.5)
〈D∗(vD∗ ,λ )|c¯γµγ5b|B(vB)〉=i
√
MBMD∗
×
[
hA1(w)(1+w)ε
∗
µ +hA2(w)ε
∗ · vBvBµ −hA3(w)ε∗ · vBvD∗µ
]
. (3.6)
In this convention the branching fraction is given by
dΓ(B→ D∗`ν)
dw
≈ G
2
FM
3
D∗
4pi3
(MB−MD∗)2 (w2−1)1/2|ηEW |2|Vcb|2χ(w)|F (w)|2, (3.7)
where terms proportional to the squared lepton mass have been dropped which is justified in the
case of electron or muon leptonic final states. In the limit of zero recoil (w→ 1), Eq. (3.7) simpli-
fies, χ(w)→ 1 andF (1) = hA1(1). This means only one form factor needs to be determined on the
lattice to extract in combination with experimental measurements the CKM matrix element |Vcb|.
At zero recoil lattice determinations of the form factor hA1(1) exist and the comparison in Fig. 12
also shows that within present uncertainties no dependence on the spectator quark can be resolved.
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Figure 13: FLAG overview [8] of lattice determinations of the bottom [60 – 65] (left) and charm [60, 64 –
70] (right) quark mass.
As highlighted by the introductory remarks on Rτ/l(D∗), obtaining lattice QCD form factors
for B→ D∗`ν covering the full range in q2 is of utmost importance. Several collaborations are
presently tackling this calculations and have also already reported preliminary results [57 – 59].
Besides the determination of Rτ/l(D∗), lattice QCD form factors with information on the full q2
range will also significantly contribute to the determination of |V exclcb |. Experimentally, a vector
D∗ final state is preferred and more measurements exists compared to the pseudoscalar D final
state. The determination of |Vcb| is however troubled by a long standing 2− 3σ deviation be-
tween results based on exclusive and inclusive channels. Lately, the preferred use of the CLN
z-parametrization for heavy-to-heavy form factor calculations moved into the focus of the discus-
sion [34, 35]. Whether or not CLN or BGL z-parametrizations have an impact on the value of
|V exclcb |, getting additional knowledge on the form factor from a lattice calculation directly covering
a large range in q2 will be extremely valuable. Although a more favorable kinematics underlies the
recent results for Bs→ Ds`ν decays shown in the upper plots of Fig. 9, this setup however clearly
demonstrates the potential power of future lattice calculations.
4. b & c quark masses
Figure 13 displays an overview of the lattice calculations feeding into the FLAG 2019 [8] aver-
ages for the determinations of bottom and charm quark masses. All values are presented using the
MS scheme and running to the energy scale µ equal to the respective quark mass. Different meth-
ods can be used for the determination. A relatively straightforward method uses the experimental
values for Mϒ or Mηb to determine the mass of b quarks and correspondingly MD(s) or Mηc for the
mass of c quarks. An alternative method proceeds by determining on the lattice the Euclidean time
moments of pseudoscalar-pseudoscalar correlators for heavy-quark currents which is followed by
an operator product expansion in perturbative QCD.
Presently the most precise determination of the bottom quark mass is obtained by Fermi-
lab/MILC/TUMQCD [60] which is based on the 2+1+1 flavor HISQ ensembles and uses a sophis-
ticated fit strategy based on HQET, HMrASχPT, and Symanzik effective theory. All determinations
12
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Figure 14: Left: Sketch of the box diagrams showing the dominant short distance contribution to neutral B
meson mixing. Right: Schematic quark line diagram of the lattice computation to calculate the nonpertur-
bative contributions to neutral meson mixing.
of the bottom quark mass are mutually consistent. The FLAG averages separated by determinations
based on gauge field configurations with 2+1 and 2+1+1 dynamical flavor are
2+1 : mb(mb) = 4.164(23)GeV, (4.1)
2+1+1 : mb(mb) = 4.198(12)MeV. (4.2)
The situation is somewhat different in the case of charm quark mass determinations. Both
HPQCD [64, 66] and Fermilab/MILC/TUMQCD [60] determined the charm quark mass very pre-
cisely. Their determinations agree with each other and dominate the FLAG average. There is
however a tension to the determinations by the ETM collaboration [67, 68] which is also based on
ensembles with 2+1+1 dynamical flavors but finds larger values for the charm quark mass. The
FLAG averages again separated by used gauge field ensembles with 2+1 and 2+1+1 flavors are
2+1 : mc(mc) = 1.275(5)GeV, (4.3)
2+1+1 : mc(mc) = 1.280(13)GeV. (4.4)
5. Neutral B meson mixing
Although a loop-level process in the SM, neutral B(s) meson mixing provides important tests
on the SM and, furthermore, opens a window to study top physics and determine the CKM matrix
elements |Vtd | and |Vts|. Neutral meson mixing occurs in the SM by the box diagrams sketched
on the left in Fig. 14. Since in the case of B(s) mesons, the top quark contribution in the loop
dominates, the process is short distance and well suited for a lattice calculation. Experimentally,
neutral meson mixing is observed by measuring extremely precisely the oscillation frequency ∆mq
for q = d, s. Conventionally ∆mq is parametrized by
∆mq =
G2Fm
2
W
6pi2
ηBS0MBq f
2
BqBBq |V ∗tqVtb|2, (5.1)
where in addition to perturbatively calculated functions, the nonperturbative contributions given
by the decay constant fBq and the bag parameter BBq enter. In particular favorable for a lattice
13
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Figure 15: Left: Demonstration of RBC/UKQCD’s new approach to use heavy Möbius domain wall
fermions to determine ξ [82]. By simulating an array of charm-like heavy flavor masses, a linear extrapola-
tion to the b-quark mass (vertical dash-dotted line) is enabled. Right: Average of ξ determinations compiled
by HPQCD [83] and based on Refs. [82 – 84, 76, 85, 86]
determination is to consider the ratio of Bs meson mixing over B meson mixing [71]
∆ms
∆md
=
MBs
MBd
ξ 2
|Vts|2
|Vtd |2 with ξ
2 =
f 2BsBBs
f 2Bd BBd
. (5.2)
Perturbative calculated contribution cancels and the measured ratio of oscillation frequencies is pro-
portional to the ratio of the meson masses times the ratio of the CKM matrix elements |Vts|2/|Vtd |2
times ξ 2, the nonperturbative contributions. The lattice determination of ξ has the advantage that
in a ratio also many lattice uncertainties cancel. To obtain ξ , we need to calculate decay constants
fBq and bag parameters BBq on the lattice which are related to the matrix elements
〈0|q¯γµγ5b|Bq(p)〉= i fBq pµDq , (5.3)
〈B¯0q|[b¯γµ(1− γ5)q][b¯γµ(1− γ5)q]|B0q〉=
3
8
f 2BqM
2
BqBBq . (5.4)
Equation (5.3) is a simple vacuum-to-meson 2-point function and lattice determinations of fB(s) can
be found in [62, 72 – 81], whereas Eq. (5.4) requires to evaluate a 3-point function schematically
shown on the right of Fig. 14. The matrix element describes how a B meson changes to a B
meson. The mixing occurs in a point-like operator connecting four quark lines. One possible
implementation is to keep the four-quark operator fixed at time t0 and vary the times t1 and t2
where in each case two of the four quark lines starting at t0 are contracted to create the B and B
meson, respectively.
As mentioned above, many uncertainties cancel in the ratio ξ . Hence ξ is a good quantity
to explore new concepts for the calculation of heavy-light matrix elements. On the left of Fig. 15
we demonstrate RBC/UKQCD’s use of Möbius domain wall fermions for the determination of ξ
[82]. The calculation is performed using different values of the heavy flavor mass to measure on the
lattice an array of heavy-light and heavy-strange mixing matrix elements. This results in a sequence
of values for ξ which slightly grow when increasing the heavy flavor mass. The overlapping
symbols with different colors correspond to measurements performed at different values of the
lattice spacing and indicate that discretization effects are small. The almost linear dependence of ξ
on the heavy flavor mass, allows to extrapolate the simulated data to the b quark mass and read-off
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Figure 16: Comparison and averages for all five Bs meson mixing operators. The left shows the comparison
performed by King et al. [87] showing predictions obtained from QCD sum rules [87, 88] as well as lattice
calculations [81, 84, 86] and FLAG averages [8]. The plot on the right presented by HPQCD [83] compares
their new result (red circles) based on 2+1+1 flavor gauge field ensembles [83] to other lattice determinations.
Blue crosses and green square determinations refer to results based on 2+1 flavor gauge field ensembles by
Fermilab/MILC’s [84] and HPQCD [86], the purple diamonds refers to ETM collaborations determination
based on 2 flavor gauge field ensembles [81]. Black dashed lines with gray bands indicate averages of results
based on 2+1 and 2+1+1 flavor gauge field configurations.
the physical value of ξ . A similar concept, the heavy HISQ discretization, is used by HPQCD to
obtain the first determination of ξ based on 2+1+1 flavor gauge field ensembles [83]. A comparison
of the different determinations exhibiting overall good agreement is shown on the right of Fig. 15.
However, not only the ratio ξ but also the individual bag parameters are important phenomeno-
logical quantities to constrain the SM. Since neutral meson mixing occurs at 1-loop in the SM, it
is particularly sensitive to new physics contributions. While in the SM model, only the operator in
Eq. (5.4) contributes, four other local operators may be significant for extensions of the SM. This
so called SUSY basis defines in addition
Qq2 =
[
b¯(1− γ5)q
][
b¯(1− γ5)q
]
, Qq3 =
[
b¯α(1− γ5)qβ
][
b¯β (1− γ5)qα
]
,
Qq4 =
[
b¯(1− γ5)q
][
b¯(1+ γ5)q
]
, Qq5 =
[
b¯α(1− γ5)qβ
][
b¯β (1+ γ5)qα
]
, (5.5)
where α, β are color indices shown explicitly for contractions across the two bilinears. Besides
contributing to meson mixing in BSM theories, some of these operators also contribute to the width
difference ∆Γq in the SM.5 Figure 16 shows the outcome of determining Bs meson bag parameters
for all five operators. The comparison on the left includes results based on QCD sum rules [87, 88]
and different lattice calculations [81, 84, 86]. The comparison on the right adds the first calculation
on 2+1+1 flavor gauge field configurations by HQCD [83]. The discrepancy in determinations
for operators Qs4 and Q
s
5 might be related to different intermediate renormalization schemes [90].
Moreover, a comparison of bag parameter ratios BBs/BBd is shown in the left plot of Fig. 17.
Using the information obtained from the ratio ξ or the bag parameters, constraints on the CKM
matrix elements |Vtd | and |Vts| can be obtained and put in relation to constraints based on unitarity
5For pioneering work to determine ∆Γs including dimension-7 operators see Ref. [89].
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Figure 17: Left: Comparison and averages for the ratio of Bs over B meson bag parameters for all five mixing
operators presented by HPQCD [83]. Red circles denote HPQCD’s determination based on 2+1+1 flavor
gauge field ensembles [83], blue crosses and green square determinations are based on 2+1 flavor gauge
field ensembles by Fermilab/MILC’s [84] and HPQCD [86], the purple diamonds refers to RBC/UKQCD’s
value obtained on 2+1 flavor gauge field configurations [82]. Black dashed lines with gray bands indicate
averages. Right: Constraints of the CKM matrix elements |Vtd | and |Vts| derived from B(s)-meson mixing
(solid boundary) [82 – 84, 87] , unitarity constraints of SM (dashed boundary) [91 – 94] or unitarity triangle
fit (dotted boundary) [91, 92].
of the SM. The present status is shown in the right plot in Fig. 17.
6. Summary
Lattice QCD provides a well-established framework to calculate nonperturbative contributions
of the strong force to phenomenologically relevant quantities. Although calculations often turn
into multi-year projects, the recent years have seen quite significant progress improving technical
aspects of simulations determining heavy-light quantities. With these new techniques at hand,
the near future looks promising for many important updates on quantities presented here. The
references pointing to preliminary results mostly presented at recent Lattice conference provide
details of upcoming calculations. Furthermore, it is important to highlight that new developments
also target the calculation of quantities so far not tackled on the lattice. Conceptual new ideas have
e.g. been brought forward to calculate inclusive semi-leptonic decays on the lattice [95 – 97] or to
study radiative decays [98, 99].
In addition there are many more process than covered in this overview. Some of which have
already been calculated on the lattice in the past, others are presently in progress. To name only a
few examples: semi-leptonic decays with flavor changing neutral currents [100 – 105], Bc decays
and R(J/ψ) [106, 107], or exclusive baryonic decays [108 – 110].
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